In this paper we consider an extension to the renewal or Sparre Andersen risk process by introducing a dependence structure between the claim sizes and the interclaim times through a Farlie-GumbelMorgenstern copula proposed by Journal, 2010, 3, 221-245]. We consider that the inter-arrival times follow the Erlang(n) distribution. By studying the roots of the generalized Lundberg equation, the Laplace transform of the expected discounted penalty function is derived and a detailed analysis of the Gerber -Shiu function is given when the initial surplus is zero. It is proved that this function satisfies a defective renewal equation and its solution is given through the compound geometric tail representation of the Laplace transform of the time to ruin. Explicit expressions for the discounted joint and marginal distribution functions of the surplus prior to the time of ruin and the deficit at the time of ruin are derived. Finally, for exponential claim sizes explicit expressions and numerical examples for the ruin probability and the Laplace transform of the time to ruin are given.
Introduction
In the actuarial literature, a lot of attention is concentrated on the classical risk model in which claims occur according to a Poisson process as well as on the renewal or Sparre Andersen risk model in which claims occur more generally as a renewal process. Ruin probabilities and many other ruin measures such as the marginal and the joint (defective or not) distributions of the time to ruin, the deficit at ruin and the surplus prior to ruin have been extensively studied. A unified approach to study together these fundamental ruin measures in just one function has been proposed by the Gerber and Shiu (1998) seminal paper, by introducing the expected discounted penalty function for the classical risk model. For a detailed study of these ruin measures we refer to Lin and Willmot (1999) and the references therein. Since then, many authors have studied several renewal risk models with specific interclaim times. The Erlang distribution is one of the most commonly used distributions in risk theory and queueing theory. Several results concerning the evaluation of the Gerber -Shiu function for renewal risk models have been obtained when the interclaim times occur according to an Erlang process. See, for example, Dickson (1998) , Dickson and Hipp (1998, 2001 ), Cheng and Tang (2003) , Tsai and Sun (2004) , Li and Garrido (2004) , Sun (2005) , and the references therein. In the study of these models, it is assumed that the claim sizes and the interclaim times are mutually independent. Although this hypothesis indeed simplifies the study of several ruin measures, it has been proved to be inappropriate and very restrictive in some real applications. For example, in modelling damages due to natural catastrophic events (e.g. earthquakes) the intensity of the catastrophe and the time elapsed since the last catastrophe are expected to be dependent. We refer to Boudreault (2003) and Nikoloulopoulos and Karlis (2008) for such a dependence structure in an earthquake context.
Recently, many authors have paid more and more attention to risk models with dependence between claim sizes and interclaim times. The modelling of the dependence structure has led to several generalizations of the classical risk model. Albrecher and Boxma (2004) extended the classical risk model by considering that the interclaim time depends on the previous claim size and studied the ruin probability. A generalization of this dependence structure is examined in Albrecher and Boxma (2005) who considered a Markov -dependent risk model. Albrecher and Teugels (2006) considered several copulas in order to model the dependence structure between the claim size and the interclaim time and studied the asymptotic behavior of the ruin probability in both finite and infinite time. Boudreault et al. (2006) extended the classical risk model by introducing a dependence structure where the distribution of the next claim size depends on the time elapsed since the last claim and examined the Gerber -Shiu function. Meng et al. (2008) studied the ruin probability for a risk model with a dependent setting where the time between the two claim occurrences determines the distribution of the next claim. Cossette et al. (2008 Cossette et al. ( , 2010 In this paper, we consider a renewal or Sparre Andersen risk process with dependence between the claim size and the interclaim time, based on the Farlie -Gumbel -Morgenstern copula. We assume that the interclaim times are distributed according to an Erlang(n) distribution. Therefore our risk model is an extension of the classical compound Poisson risk process proposed by Cossette et al. (2010) . Therefore our risk model is an extension of the classical compound Poisson risk process proposed by Cossette et al. (2010) . The choice of an Erlang(n) distribution is motivated by the fact that it is more general than the Exponential distribution allowing a flexible modelling of the interarrival times. A further discussion why the proposed Erlang(n) risk model is more appropriate than the Poisson arrival process is given in Subsection 8.1. The rest of the paper is organized as follows. In Section 2, we describe the dependence structure of the proposed model. We derive the generalized Lundberg equation and analyze its roots in Section 3. In Section 4 we obtain the Laplace transform of the Gerber -Shiu function. The analysis of the Gerber -Shiu function with zero initial surplus is given in Section 5. The defective renewal equation for the Gerber -Shiu function, the Laplace transform of the time to ruin and their solutions are obtained in Section 6. In Section 7, explicit expressions for the discounted distributions of the surplus prior to ruin and the deficit at ruin are given. Finally, explicit expressions and numerical results are given for exponential claims in Section 8.
The risk model and the dependence structure
For an insurance portfolio, we consider the surplus process {U (t), t ≥ 0} defined by U (t) = u + ct − S(t), where u = U (0) ≥ 0 is the initial surplus and c is the premium rate which is assumed to be a positive constant. {S(t), t ≥ 0} is the total claim amount process defined by S(t) =
The random variable (r.v.) X i represents the size of the i-th claim, and the r.v.'s {X i } ∞ i=1 are assumed to form a sequence of i.i.d. r.v.'s distributed as a generic r.v. X with probability density function
with W 1 the time of the first claim and W i the time between the (i-1)-th and the i-th claim for i ≥ 2. We assume that the r.v.'s
In this paper we consider that the r.v. W has an Erlang(n) distribution with expectation n/λ, n ∈ N + , λ > 0 with p.d.f., c.d.f. and L.T. given by
As in Cossette et al. (2010) , we assume that the pairs {(
form a sequence of i.i.d. random vectors distributed as the generic random vector (X, W ), in which the components X and W may be dependent, so
is also a sequence of i.i.d. r.v.'s. The joint p.d.f. of (X, W ) is denoted by f X,W and the joint c.d.f. is denoted by F X,W .
Motivated by Cossette et al. (2010) , we use the Farlie -Gumbel -Morgenstern (FGM) copula to define the joint distribution of (X, W ) and hence the dependence structure between the claim size and the interclaim time. The FGM copula is defined by
The FGM copula allows positive and negative dependence, and it also includes the independence copula for θ = 0. The FGM copula is often used in applications to describe dependence structures due to its tractability and simplicity. For more on the FGM copula we refer to Nelsen (2006) and for applications of this in risk theory, health insurance plans, financial risk management, stochastic frontiers and a stereological context see Cossette et al. (2010) and the references therein.
The bivariate c.d.f. of F X,W based on the FGM copula is defined by
and with this, the bivariate p.d.f. of (X, W ) is given by
where
Using Eqs (1) and (2), Eq. (5) can be written as
In particular, from Eq. (6) the conditional p.d.f. of the claim size X is given by
In the sequel we assume that θ = 0, since otherwise our model reduces to the renewal risk model with Erlang(n) interclaim times.
Let τ = inf t≥0 {t, U (t) < 0} be the time of ruin with τ = ∞ if U (t) ≥ 0 for all t ≥ 0 (i.e. ruin does not occur) and ψ(u) = P r(τ < ∞|U (0) = u) be the ultimate ruin probability. To guarantee that ruin will not almost surely occur, the premium rate c is such that
providing a positive safety loading. This condition is equivalent to
The main goal of this paper is the evaluation of the expected discounted penalty function introduced by Gerber and Shiu (1998) for the classical risk model and by for the Sparre Andersen or renewal risk model. This function includes many other ruin measures and is defined by 
Analysis of a generalized Lundberg equation
In this Section we introduce a generalized version of the Lundberg equation for the Erlang(n) risk process with dependence based on a FGM copula, and then we analyze the number of its roots in the right-half complex plane. These roots are needed to derive the defective renewal equation for the Gerber-Shiu function m δ (u) as well as to evaluate several ruin quantities.
In order to derive Lundberg's generalized equation, we consider the corresponding discrete-time process embedded in the continuous-time surplus process {U (t); t ≥ 0}. 
to be the surplus immediately after the k-th claim. We seek a number s such that the process {e −δV k +sU k ; k = 0, 1, 2, · · · } is a martingale. This process is a martingale if and only if 
From Eqs (1) and (2) we have
and thus using this and Eq. (3), Eq. (10) becomes Proof. Since the generalized Lundberg equation (11) also becomes
it suffices to show that the above Eq. (12) has exactly 3n − 1 roots with positive real parts. Let r > 0 be a sufficiently large number, and denote by C r the contour containing the imaginary axis running from −ir to ir and a semicircle with radius r running clockwise from ir to −ir, i.e. C r = {s ∈ C : |s| = r, Re(s) ≥ 0, r > 0 is fixed }. We let r → ∞ and denote by C the limiting contour. To prove the result, we apply Rouché's theorem on the closed contour C. We distinguish two cases according to as Re(s) > 0 or Re(s) = 0.
For s on the semicircle, i.e. for Re(s) > 0, we have |δ + λ − cs| → ∞ and |δ + 2λ − cs| → ∞ as r → ∞, and thus
on C, i.e. for r → ∞, and hence it holds that
Let us define the random variable Z with probability density function given by g z (x) = 2f X (x)F X (x), and thus h(
For s on the imaginary axis, i.e., for Re(s) = 0, and for δ > 0, similar to Cossette et al. (2008) , we have
where we use the well-known combinatorial identity
Therefore, for s on the imaginary axis, Eq. (14) becomes
Therefore, in each case we proved that
and thus by Rouché's theorem, it follows that Eq. (12) has the same number of roots as the following
Since the latter equation has exactly 3n − 1 positive roots inside C r , we deduce that Eq. (12) and equivalently Eq. (11) has exactly 3n − 1 roots, say ρ 1 (δ), . . . , ρ 3n−1 (δ) with positive real parts. Finally we complete the proof by letting r → ∞.
In the sequel, for simplicity we write ρ j for ρ j (δ), j = 1, 2, · · · , 3n − 1, when δ > 0. Remark. For δ = 0, the conditions to Rouché's theorem are not satisfied, since
for s = 0 due to Eq. (15) . Also, this shows that a trivial root to Lundberg's generalized equation (13) equals zero for δ = 0. The importance of the case δ = 0 is due to the evaluation among others of several ruin related quantities, such as the ruin probability, the defective joint distribution of the surplus prior to ruin and the deficit at ruin, as well as their joint moments, being special cases of the Gerber -Shiu penalty function at δ = 0. Proof. (13) also holds on D (excluding s = 0 or equivalently z = 1) for δ = 0. Also note that the functions 
The left-hand side of this relation is equal to
which is always positive under the security loading condition (see Eq. (7)).
Thus, from Klimenok (2001), we conclude that inside D, the number of roots of Eq. (12) and thus of Eq. (11) is equal to 3n − 2, i.e. the number of roots of (λ − cs) n (2λ − cs) 2n−1 inside D minus 1. Finally we have seen that a trivial root to Lundberg's generalized equation (11) equals zero.
Laplace transform of m δ (u)
The main goal of this section is to derive the Laplace transform m δ (s) = ∞ 0 e −su m δ (u)du of the GerberShiu expected discounted penalty function m δ (u) defined by Eq. (8) . For u ≥ 0, we define the following functions
By conditioning on the time and the amount of the first claim, and making use of Eq. (5) we have
Setting y = u + ct, Eq. (19) yields
from which by substituting f W (t) and F W (t) from Eq. (1) and Eq. (2), we obtain
Taking LTs gives
It can be easily proved (e.g., by induction) that the following equality holds for α > 0,
Therefore, using Eq. (21), the relation (20) can be written in the form
and
Now using Eq. (23) we give in the following theorem an expression for m δ (s).
Theorem 1.
In the Erlang(n) risk process with a dependence structure based on the FGM copula, the Laplace transform m δ (s) of the Gerber-Shiu discounted penalty function m δ (u), is given by
and β 2,δ (s) is a polynomial in s of degree 3n − 2 or less, given by
Proof. Multiplying both sides of Eq. (23) 
which is a polynomial in s of degree 3n − 2 or less, where
It is easy to see that the Lundberg's generalized equation (11) 
and hence the proof is completed.
Note that for n = 1, our Theorem 1 is reduced to Proposition 6.1 of Cossette et al. (2010).
Analysis of the Gerber -Shiu penalty function when u = 0
In this section we examine some ruin quantities by considering the case of u = 0. The roots of the Lundberg's generalized equation, studied in Section 3, play an important role in the rest of this paper. In what follows, we only consider the case that the roots ρ 1 ,ρ 2 ,· · · ,ρ 3n−1 are all distinct since the analysis of the other case (which can be made in a similar manner) will not impose any technical obstacle, but the computational procedure will become more tedious and does not offer further insight except the complexity of the 
Then from Eq. (27) we have
Let also
for i = 1, 2 and j = 1, 2, ..., 3n − 1. Then Eq. (28), using Eqs (31) and (32), is written as
Since (see Eq. (17)) 
Let f (x, y, t|0) be the joint defective probability density function of the surplus prior to ruin (x), the deficit at ruin (y) and the time of ruin (t) given U (0) = 0, and f δ (x, y|0) be the discounted (marginal if δ → 0) probability density function of the surplus prior to ruin and the deficit at ruin given U (0) = 0. Then we have
From
which combined with Eq. (34) yields
In the sequel, we need to introduce the well-known Dickson-Hipp operator T r of a real-valued integrable function g defined as
where r has a non-negative real part, i.e. Re(r) ≥ 0. Some useful properties of the operator T r needed in the paper are listed below:
and the corresponding Laplace Transform is
Further properties of this operator can be found in Li and Garrido (2004) and the references therein.
)dy be the discounted (marginal if δ → 0) probability density function of the surplus prior to ruin and f 2,δ (y|0) = ∞ 0 f δ (x, y|0)dx be the discounted (marginal if δ → 0) probability density function of the deficit at ruin given U (0) = 0. Since
from Eq. (36) we get
The LT of f 2,δ (y|0) is given by
Using Eqs (25), (29) and (30) it follows that h 2,
, and thus for j = 1, · · · , 3n − 1 it holds
, and hence from Eqs (25) and (39) we have that
Using a similar argument from interpolation theory as in Li and Garrido (2005, see their Eqs (17) and (18)), it can be easily proved that the following identities hold
Therefore, Eq. (40) becomes
i.e., the LT of f 2,δ (y|0) reduces to
Setting w(x, y) = 1, Eq. (35) implies that the LT of the time of ruin m τ given U (0) = 0, is
since f (0) = 1, h(0) = 0. Also from Eq. (45) it follows that m τ (0) < 1 due to δ > 0. Now for the ruin probability ψ(0) given the initial surplus U (0) = 0, we have
,
. In order to find the quantity ρ 1 (0), we shall use the fact that ρ 1 (δ) is a root of the denominator of Eq. (24). Thus we have h 1 (ρ 1 (δ)) = h 2 (ρ 1 (δ)) from which by differentiating w.r.t. δ and then letting δ → 0 + , we get that
and since f (0) = −E(X), the above relation with the help of Eq. (15) finally yields that
which is always positive due to the positive loading condition (see Eq. (7)). Therefore it holds that
Defective Renewal Equation
Gerber and Shiu (2005) 
where f 2,δ (y|0) is given by Eq. (39) and (45)), Eq. (46) is a defective renewal equation. In the sequel, at first we give an alternative expression for f 2,δ (y|0). From Eq. (25), h 1,δ (s) is a polynomial of degree 3n − 1 in s. Using the Lagrange interpolating formula for h 1,δ (s) (which is a polynomial that passes through the 3n points (0, h 1,δ (0)), (ρ j , h 1,δ (ρ j )), j = 1, · · · , 3n − 1), we get that
Using Eq. (38) and similar arguments as in the page 15 of Cossette et al. (2010) , the aforementioned relation implies that (25) and (41) for s = 0, we have that
Therefore Eq. (48) becomes
Furthermore from Eqs (44) and (49) we obtain that
and thus by inverting this we get the following alternative expression for f 2,δ (y|0),
which can be easily computed using Eq. (37) from the fourth property of the Dickson -Hipp operator. Also from Eqs (47) and (36) we have that
Now we shall give an alternative expression for the function G δ (u). From Eq. (51) it follows that
where we use Eq. (32). Now from Eqs (31), (42) and (43) we get that
where the last equality follows from Eq. (38) for the Disckson-Hipp operator. Thus, by inverting Eq. (52) we also get the following alternative expression for G δ (u),
which again can be easily computed using Eq. (37) from the fourth property of the Disckson -Hipp operator. Therefore from Eq. (46) and recalling that ∞ 0 f 2,δ (y|0)dy = m τ (0) < 1, we get the following proposition.
Proposition 3. The Gerber-Shiu discounted penalty function m δ (u) admits a defective renewal equation
Furthermore, Eq. (53) admits the following alternative representation
where κ δ is defined such that
.
In addition we have
which is a proper density function.
The next result shows that the Laplace transform of the time to ruin m τ (u) (and hence the ruin probability ψ(u)) is the tail of a compound geometric distribution.
Proposition 4. The Laplace transform of the time to ruin m τ (u) satisfies the defective renewal equation
which has the following compound geometric representation:
Proof
Therefore using this and Eq. (39) it follows that
and hence the result follows directly from Proposition 3.
An explicit solution of the defective renewal equation (54) can be derived directly by applying Theorem 2.1 of Lin and Willmot (1999).
Proposition 5. The solution m δ (u) to Eq. (54) may be written as
7 Discounted distributions of U (τ − ) and |U (τ )|
In this section, we derive the discounted joint and marginal distributions of the surplus prior to ruin U (τ − ) and the deficit at ruin |U (τ )| from the expected discounted penalty function using Proposition 5.
At first, we derive the discounted joint distribution function, say F δ (x, y|u), of U (τ − ) and |U (τ )| given U (0) = 0, which can be obtained from m δ (u) by letting w(x 1 , x 2 ) = I(x 1 ≤ x, x 2 ≤ y), for any fixed x and y.
As in Lin and Wilmott (1999), Tsai and Sun (2004) and Tsai (2005) we define the distribution functions
Since F (x) is a survival function, from Eq. (2.19) in Lin and Willmot (1999) (see also Eq. (1) in Tsai (2005) ) it follows that
Note that
and similarly for j = 1, · · · , 3n − 1 we obtain that T ρ j γ 2 (u) = 0 if 0 < x ≤ u and
Therefore from Eqs (51) and (55) it follows that
and thus using Eq. (59) we obtain
and for u > 0,
Since for w(
by replacing Λ δ (u) and dΛ δ (u) by Eqs (60) and (61) respectively, and using Eq. (56) we easily get the following Proposition giving the discounted joint distribution function of U (τ − ) and |U (τ )| (from which by setting u = 0 we get F δ (x, y|0) using Eq. (56) and m τ (0) = 1/(1 + κ δ )).
The marginal discounted distribution functions F 1,δ (x|u) of U (τ − ) and F 2,δ (y|u) of |U (τ )| given U (0) = u, can be derived immediately by letting y → ∞ and x → ∞ respectively.
The discounted joint probability density functions f δ (x, y|u) of U (τ − ) and |U (τ )| given U (0) = u, can be obtained directly from
and is given by the following Proposition 7. The discounted joint probability density function f δ (x, y|u) of U (τ − ) and |U (τ )| can be written as
The marginal discounted probability density function
y|u)dy and is given by the following Proposition 8. The discounted probability density function f δ (x|u) of U (τ − ) can be written as
The marginal discounted probability density function f 2,δ (y|u) of |U (τ )| is given by f 2,δ (y|u) = ∞ 0 f δ ( x, y|u)dx. When δ → 0 in all the aforementioned Propositions we get the joint and marginal distribution functions and probability density functions of U (τ − ) and |U (τ )|.
Explicit Results for exponentially distributed claims
In this section, we assume that the r.v. X representing the individual claim amount, follows an exponential distribution with parameter α > 0, i.e. f X (x) = αe −αx , x > 0, with f X (s) = α α+s . From the Propositions in Section 7, it is clear that the discounted joint and marginal distributions of U (τ − ) and |U (τ )| can be evaluated explicitly whenever the function m τ (u) is known. Therefore, at first we will find an explicit expression for m τ (u) for exponentially distributed claims. Taking Laplace transforms in both sides of the first equation in Proposition 4, we get that
From Eqs (49) and (50) we have that
and thus Eq. (62) becomes
Now, for f X (x) = αe −αx , from Eqs (25), (26) we easily obtain that
Note that Q 3n+1,δ (s) is a polynomial of degree 3n + 1 with leading coefficient (−c) 3n−1 and therefore the equation 
So, from Eqs (65), and (64), Eq. (63) yields
Since m τ (s) < ∞ for s ≥ 0, the numerator in Eq. (66) must be zero for s = 0, i.e.
and hence Eq. (66) becomes
Assuming that R 1 , R 2 are distinct, using partial fractions yields
Inverting the above Laplace transform gives
and the ruin probability ψ(u) is easily obtained by letting δ → 0.
In order to find the discounted joint and marginal distributions of U (τ − ) and |U (τ )| from Propositions of the previous section, we need to find Ψ j (u) as defined in Proposition 6. From Eq. (67), these functions can be written for j = 1, 2, · · · , 3n − 1, as
For example, by Proposition 7, the discounted joint probability density function of U (τ − ) and |U (τ )| is given by
Similarly, since we can easily obtain the other discounted (and non -discounted by letting δ → 0) joint and marginal distributions of U (τ − ) and |U (τ )|, the details are omitted.
Numerical illustration
In this subsection, using a particular model, we illustrate why we consider the extension from the Poisson arrival process to Erlang(n) interarrival claim times as well as we indicate the impact of the dependence parameter θ on the ruin probability and the Laplace transform of the ruin time.
Why Erlang(n) arrivals?
The answer to this question for the independent case, i.e. for θ = 0, was explained in details by De Vylder and Goovaerts (1998) in the discussions of the paper of Dickson (1998) . The authors explained why Erlang risk models are justified in practice by showing that the ruin probabilities calculated in an Erlangian risk model are significantly different (and especially much smaller) from those calculated in a "corresponding" classical compound Poisson risk model.
Here, we adopt the same approach in order to compare the ruin probabilities calculated in an Erlang risk model under the FGM copula with those calculated by the "corresponding" classical compound Poisson risk model also under the FGM copula for θ = 0. The two compared "corresponding" models are risk models with the same claim-size distribution, the same expected number of claims in any time interval [0, t], the same security loading, and the same initial surplus. As stated by De Vylder and Goovaerts (1998) , this definition of the "corresponding" models can only be adopted asymptotically for t → ∞.
We assume for the claim amount r.v. that X ∼ Exp(1) for both risk models. For the Erlang risk model under the FGM copula, we assume that the interclaim r.v. W ∼ Erl(2, 2), i.e., k(t) = 4te −2t and thus the expected number of claims in
(1 − e −4t ). For the "corresponding" classical compound Poisson risk model under the FGM copula with Poisson parameter μ > 0 we denote by ψ P (u) the ruin probability. Since, the expected number of claims in [0, t] for the "corresponding" classical compound Poisson risk model is equal to μt, we take μ = 1, because the expected number of claims in time interval [0, t] must asymptotically be the same in both models as t → ∞. Also, in the Erlangian risk model we take the premium rate c = 1.5 and then we also take c = 1.5 in the "corresponding" classical model because the security loadings in [0, t] must asymptotically be the same. The above choice of the parameters implies that the security loading is 50% for both models. Numerical values of these ruin probabilities corresponding to particular values of the initial surplus u ≥ 0 are given in Table 1 . Figure 1 and Table 1 show that the ruin probabilities ψ(u) for the Erlang risk model under the FGM copula are significantly different and especially much smaller than the "corresponding" classical risk model under the FGM copula for the practical values of the initial surplus u and for all θ ∈ [−1, 0) ∪ (0, 1], indicating why it is worthwhile to consider Erlangian risk models under the FGM copula.
Impact of the dependence parameter θ
In Figure 2 we plot the values ψ(u) calculated in the previous subsection. As we can see from Figure 2 , the dependence parameter θ has a clear impact on the ruin probabilities. It is clear that the higher the dependence parameter the lower the ruin probability is. This happens because when for example the dependence relation is positive, the probability of having an important claim increases as the time elapsed since the last claim increases. Thus the ruin probability will be lower since the probability that the insurance company will have enough premium income to pay the claim will be higher. Similar results for the case of the exponential distribution were obtained from Cossette et al. (2010) . As we can see from Figure 3 , the dependence parameter θ has a clear impact on the values of the LT of time to ruin. It is clear that the higher the dependence parameter the lower the value of the LT of time to ruin is.
